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Abstract
For the Danish North Sea industrial fishery a three-phase sampling procedure involving poststratifica
tion on target fisheries and fishing areas has been introduced for calculation of the precision of estimates
of catch weight and number at age by species. Three target fisheries have been considered: Sandeel
(Ammodytes lancea marinus), Norway pout (Tripsoteris esmarki) and sprat (Sprattus sprattus). Herring
(Ciupea harengus), whiting (Merlangius merlangus) and haddock (Melanogrammus aeglefinus), the
three most important by-catch species, were included in analysis as well. Results for 1993 show that the
coefficient of variation of aflflual catch by weight of the three target species and herring is about 6% or
lower and 10-15% for whitiflg and haddock. The coefficient of variation of annual catch in numbers at
age is less than 8% for the same four species and 15-30% for whiting and haddock. Optimum stratified
allocatiofl for a specified objective function with fixed costs has been found. The actual sampling allo
cation is flot very different from the optimum implying that the potential gain in precision of estimated
catch is limited.

Keywords: Industrial fishery, North Sea, sampling error, optimum allocation.

Introduction
The present work deals with the sampling methods and errors in the Danish North
Sea industrial fishery. The objective of the paper is partly to caiculate precision of
estimates of catch weight by species and catch in numbers by age and partly to op
timize the sampling resource allocation to obtain as accurate estimates as possible.
Precision of the estimated catch data is important for the quality and reliability of
the assessment of a number of fish stocks because they often constitute the main
part of input to the assessments.

In most fish stock assessments projections of e.g. catch and biomass are deter
ministic and do not inciude stochasticity. This is in correspondence with the as
sumption that input is known without error.

Several authors have investigated errors in estimated catch and effort data and
the implications for projected catch or biomass applying Virtual Population Ana
lysis, VPA, cohort analysis or a tuned VPA (Pope 1972, Pope & Gray 1983, Rivard
1983, Gavaris & Gavaris 1983, Pelletier & Gros 1991). In these cases incorpora
tion of errors in catch data into projections is in conflict with the estimation proce
dure of fishing mortality and stock size, which assumes that catch data are known
without errors.
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The so-called integrated methods avoid this contradiction by assuming stochastic
errors in input data and utilizing standard statistical methods (e.g. Doubleday 1976,
Fournier & Archibald 1982, Deriso et al. 1985, Lewy 1988, Sparholt 1990). This
implies that the stochastic variation of parameters and for instance projected TAC’s
and stock biomass can be evaluated by standard techniques. Furthermore, sub
models inciuded (e.g. the relation between effort and fishing mortality) and hy
potheses concerning the parameters can be tested.

In integrated approaches the variance/covariances of estimated catch at age must
be estimated or assumed to be known. In Lewy (1988) a model is described where
mean catch at age is assumed to depend on catchability and selection parameters
and where the variance of the catch is unknown. These parameters and variance
parameters have been estimated simultaneously by Maximum Likelihood. Addi
tional analyses showed that the correlation between estimates of the parameters de
scribing mean catch at age and the variance of the catch was very high, often higher
than 90%. This strongly indicates that further information is required. A general
conciusion may be that it is flot possible to estimate simultaneously both the para
meters describing the catches and their variance. A solution to this problem is to get
independent estimates of the sampling error by using data obtained from a sampling
programme. In principle this must be done for the total international catches. The
present analysis is the Danish contribution for some North Sea stocks.

The sampling design is different for the industrial fishery and most human con
sumption fisheries because only the total catch is known without knowing the
species composition in the former. This may also apply to some human consump
tion fisheries in the tropics where the catch is composed by many species, but of
which only the most valuable species are recorded, see Sparre and Venema (1992).
In these cases the sampling system has to inciude estimation of the species com
position.

Only very limited work has been done dealing with sampling in such fisheries
(e.g. Lassen et al. 1973, Lewy 1979), while sampling aspects involved in the human
consumption fisheries including determination of age and other attributes have
been studied frequently (Doubleday & Rivard 1983, ICES 1994).

In the Danish industrial sampling system the weight of the catch by species and
numbers at age are estimated. The stratified sampling system in the industrial fish
ery described in the present paper introduces a stratification, which differs from the
one previously used. Previously the samples for estimation of catch weight by
species were stratified by geographical unit, the ICES international rectangles, so
that the total industrial catches were separated by ICES statistical rectangle using
log book information. Afterwards, the catch by rectangle was split into species com
ponents using biological samples from the rectangles available, whereupon numbers
at age could be estimated for the various species. The weakness of this system is that
biological samples are often missing for some rectangles from which catches are
recorded. In such cases alternative ‘neighbour’ samples must be selected to provide
the species composition, which results in subjective methods.

Among various alternatives to stratify by ICES statistical rectangles target fish
enes defined as a combination of gear type, mesh size, the time period and the area
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have been used as strata in the present analysis. The reasons for choosing target fish
enes as basis for the sampling programme are:

1. Management reasons. Usually management of fish stocks is linked to target fish
enes. In case of the industrial fishery it concerns for instance by-catch or mesh size
regulations in a specified fishery. As a consequence it is necessary to collect data
accordingly in order to obtain the relevant data for analysis of these matters.

2. Homogeneity. When estimating the species composition of catches the separation
of samples into target fisheries ensures homogeneous groups and thereby reducing
the vaniability. However, if the area covered by a target fishery is inhomogeneous
with respect to a particular species the variability of this species may instead be
increased.

3. Precision of estimates. A target fishery is a much coarser stratification than the
ICES rectangle previously used. Therefore, it is possible to obtain a lange number
of biological samples within each strata. This ensures that the necessary data are
available for estimating the precision of the estimates in contrast to when rectangles
are used as strata. Furthermore, the subjectivity referred to above can be removed
totally.

The concept of target fishery has been described e.g. by Murawski et al. (1983),
Rogers & Pikitch (1992), and Lewy & Vinther (1994).

Materials and methods
The Danish industrial sampling system
Samples from the Danish North Sea industrial fishenies and catch statistics for 1993
were analysed with the objective to estimate the landings in weight and the numbers
caught by age group for six species. The information obtained originated from two
databases:

— Fishery database
— Biological database

The Fishery database combines information from log books and catch statistics.
For each rnonth and for each individual vessel trip the database contains informa
tion on: the weight of the landing, the gear and mesh size used and the ICES statis
tical rectangles where the fishery took place. The species composition was flot
known from this source.

The biological database consists of samples taken from the industrial landings
collected by the Fishery Inspection during the whole year from the largest ports
along the west coast ofJutland. Samples were obtained by lowering a 10-litre pail
into the hold and taking out a random sample, weighing about 7 kg, from the cargo.
The biological samples were analysed with the purpose of determining the species
composition, the length distribution, the mean weight by length group and the age
distribution by species. For each sample the vessel trip information on gear, mesh
size, time and fishing area was available as well.
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Full analyses of the biological samples were carried out in three consecutive dif
ferent steps:

In the first step concerning the estimation of the species composition of a sample,
total catch of a sample is split into the various species, which were weighed. The
proportion by species is obtained by dividing the weight by species by the total
weight of the sample. This step was done for ali samples collected.

The next two steps were carried out only for a random selected subsample.

For each species the second step consists of 1) to count the number of fish and to
measure the length of the fish in order to estimate the length distribution, 2) to
weigh the fish by length group in order to estimate the mean weight per fish by
length group. The mean weight per fish by length group and species is simply the
weight divided the number of fish. Total mean weight per fish by species is obtained
as the weighted average of the mean weight by length group. The variance of the
mean weight by species and length group was calculated as well.

The third step is to estimate the age distribution of the fish by species. This was done
by age reading of the otoliths. In most cases ali otoliths were read. In cases with
many biological samples covering a specific fishery and month, a number of samples
were randomly selected for which no otoliths were read. In the cases where age de
termination was carried out and when the otoliths showed a clear separation be
tween the length groups with respect to age most of the fish were aged using the
length only. The mean weight by age was estimated assuming that the weight of a
fish only depends on the length and flot the age.

Using target fisheries as basis for stratification requires of course that both total
catch and biological sampies can be divided into categories defined to ensure that
biological samples are representative for the catches. A necessary condition for this
is that the criteria used for definition of target fisheries are identical for both catches
and biological samples. As the fishery database does flot contain information on the
species composition, total catch by month was ciassified into the target fishery cate
gories applying the following procedure: each vessel trip in the North Sea was classi
fied according to target fisheries using the information on gear, mesh size, period and
fishing area included in the fishery database. Combining the catch by trip and month
within each target fishery total catch by target fishery and month can be obtained.

For the North Sea industrial fishery in 1993 three target fisheries were consid
ered: a sandeel fishery, a Norway pout fishery and a sprat fishery. The actual defi
nition of the classifications used was based on analyses of the biological samples
such that e.g. sandeel should be the dominating species in weight in the defined
sandeel fishery etc. In the sprat fishery either sprat or the by-catch of herring should
be dominating. This kind of definition is in correspondence with Lewy & Vinther
(1994) in which target fisheries also were defined by similarity of the species com
position in the catch. The actual used definition was: firstly, only trips were consid
ered for which logbook information was available. Sprat fishery was characterized
by the use of pair trawl as gear or that the fishery took place in the first or fourth
quarter in the area limited by 2° to 8° east and 54° and 57°. Considering the
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remaining vessel trips the sandeel fishery was defined by an upper limit of the mesh
size used of 10 mm or that the fishery took place in the months March to July in
the North Sea area between 56° and 58°. Norway pout fishery was defined as the
trips for which the fishing area was north of 57° 30’. Finally, the few remaining trips
including trips, where no log book information was available, were considered. In
these cases the trips were ciassified as sandeel fishery if the trip took place in the
second quarter. Otherwise they were classified as sprat fishery.

Besides the three target species, sandeel, Norway pout and sprat, the three most
important by-catch species were included in the analyses as well. These are herring
in the sprat fishery, whiting in the Norway pout and sprat fisheries, and haddock
in the Norway pout fishery. No by-catch was considered for the sandeel fishery as
the sandeel on average constituted about 95% of the total. The six species account
ed for about 90% of the total North Sea industrial catch of 877 000 tonnes in 1993.

Furthermore, catches and biological samples were stratified by fishing area as well.
The reason is that data from the industrial fishery and research vessels indicate geogra
phic differences in age distribution and growth. The fishing areas considered are shown
in Figure 1. Seven sandeel areas, two Norway pout areas (the fishing areas 4 and 5,
Figure 1B) and three sprat areas (the fishing area 1-3, Figure 1B) were considered.

For whiting and haddock, only one area, total North Sea, was considered. These
areas are the same as previously used for the estimation procedure for industrial
catches by the Danish Institute for Fisheries Research.

A total of 589 biological samples was collected by the Danish Fishery Inspection.
For 319 of the samples only the species composition was determined by the Fishery
Inspection. The remaining 270 samples were fully analysed by the Danish Institute
for Fisheries Research with respect to species composition and for the six species con
sidered the length distribution, weight for each length group and age distribution.

A Sandeel fishery

6ON

Figure 1. Definition of North Sea fishing areas used as strata.
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The number of fish length and weight measured differs from the number of fish
aged for sandeel and sprat only. The annual number in 1993 of sandeel and sprat
measured are 20220 and 6194, respectively, compared with 13 660 and 5704 aged
fish within the same year.

A summary of catch statistics and sample sizes is given in the Tables 1-3.
For the sake of convenience target fishery is mentioned ‘fishery’ in the following.

Table 1. Catch in tonnes by quarter and fishery in the Danish North
Sea industrial fishery in 1993.

Sandeel Norway pout Sprat
Quarter fishery fishery fishery Total

1 14963 36880 38563 90406
2 372944 3345 12354 388643
3 71857 45904 120856 238617
4 13127 64959 81059 159145

Total 472891 151088 252832 876811

Table 2. Number of biological samples by quarter and fishery in 1993.

Sandeel Norway pout Sprat
Quarter fishery fishery fishery Total

1 24 38 32 94
2 138 0 0 138
3 50 50 113 213
4 22 43 79 144

Total 234 131 224 589

Table 3. The number of fish aged by fishery, species and quarter in 1993.

Fishery Fishery Fishery
Sandeel N. pout 1-lerring Sandeel N. pout Herririg Sandeel N. pout Herring Total

Quarter Species: Sandeel Norway pour Herting

1 1568 0 0 0 1845 0 0 0 1575 4988
2 4428 0 0 0 441 0 0 0 0 4869
3 6810 0 0 0 1307 0 0 0 2762 10879
4 854 0 0 0 1344 0 0 0 1367 3565

Total 13660 0 0 0 4937 0 0 0 5704 24301

Quarter Species: Sprat Whiting Haddock

1 0 0 790 0 78 59 0 274 0 1201
2 0 0 0 0 4 0 0 4 0 8
3 0 0 527 0 26 354 0 143 0 1050
4 0 0 1332 0 73 348 0 68 0 1821

Total 0 0 2649 0 181 761 0 489 0 4080

AlI 13660 0 2649 0 5118 761 0 489 5704 28381
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Estirnation of catch in weight and number at age by species
The notation used is described in Appendix I. The estimation procedure is illu
strated in the flow diagram:

• Çath by’,sel, tipFishery database
aFeand xnonlh

1—.
area and month

• Ciassification of tripsFishery database into targer fisheries

Total catch by
—

— targec fishery, species,
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Biological database ino t*iicfisheries,

_________________

areà aid mQnth
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Spedes comsitÖxi b’ tgJshry, speoes

Biological database by arget ihery, atia nI monh

area and month

— Total catch in numbers
Mean weight by at age by target fishery,

Biological database target fishery, species, species, area and month
area and month

distibttion by innumle at agetarget fsshes j)CS tyspeand month
are ard nçh

When estimating the proportion of each of the species in the catches it is assumed
that the mean proportion depends on the quarter, the fishery and the species only,
which means that within a quarter the species composition is assumed independent
of the fishing area and the time. This assumption was flot supported by analyses,
but needs further investigations.

This implies that the catch by month, fishery, fishing area and species is estimated
by

Ltfgs = Lt[g Eqtfs (1)

where Ltgs is the estimated catch by weight in month t in fishery f taken in fishing
area g of species s, Ltfg is the corresponding (known) catch by month, fishery and
fishing area and where Eq,fs is the mean of the proportion of the species by quarter,
q, and fishery fobtained from nlqfbiologicalsamples (q is the quarter which corre
sponds to month t). Note that the landings, Ltfgs, are estimated by month and fish
ing area (and fishery and species) while the mean species proportion, Eq,s, is CStI

mated by quarter (and fishery). Ltgs is estimated by month and fishing area in order
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to incorporate spatial and temporal differences in the age composition of the species
caught. Eq[s is estimated by quarter and not by month because there were too few
samples by month to estimate the variation in the species composition.

Eq[s was estimated using the Delta-Dirichiet (D-D) distribution, introduced by
Lewy (1995). The D-D distribution Is a multidimensional distribution describing
the simultaneous variation of variables larger than 0 and less than 1, which are cor
related as their sum is 1. As far as the author knows, the Dirichlet distribution is
the only known distribution which inciude these characteristics for sets of variables
summing to 1. Furthermore, the D-D distribution allows for the possibility that any
of the variables may be 0 or i with positive probabilities. This distribution may be
specifically useful when considering the variation of proportions of several species.
Furthermore, the species composition within a specified fishery in industrial biolo
gical samples has frequently the characteristic that some species are not present or
that one species constitutes the total catch. This situation is taken care of by allow
ing the variables to be singular in 0 and 1. Furthermore, like the Beta distribution,
the D-D distribution is very flexible allowing for several types of shape of the prob
ability density function. It is therefore likely that this distribution fits better to the
very skew marginal distribution of the species compositions considered than for in
stance the log normal distribution. Another reason for applying the distribution is
that If the variables are distributed according to the D-D distribution Lewy (1995)
has shown that the estimates of the mean and the variance/covariances based on
maximum likelihood estimates of the parameters are more efficient than the corre
sponding empirical moments (the average, the standard deviation etc.).

The fit of the D-D distribution has been tested by quarter and fishery. The results
of the tests are given by Lewy (1995). For the Norway pout fishery it was accepted
that the species composition follows the D-D distribution, while the test of fit was
rejected for the sandeel and the sprat fisheries. However, in the present paper esti
mates of mean and variance/covariances of the species proportions were based on
the new distribution for the sandeel and sprat fisheries as well. The reason is — as
mentioned above — that there is no reasonable alternative to the D-D distribution.

Total number of fish by month, fishery, fishing area and species was estimated by
dividing the corresponding catch in weight by the mean weight per individual. The
corresponding catch in number at age was then estimated by multiplying estimated
total catch in number and the age proportion, tfgsa, obtained from the aged fish in
the biological samples:

Ntfgsa
= Ltgs

tfgsa. (2)
Wt[gs

Optiinum sampling allocation
In order to define optimum sampling allocation an objective function, 0, was de
fined. Such an function should specify the priorities of the managers. The objective
function considered is the variance of the weighted sum of the number of fish:

O((mqf),(ltfgs),(ntfgs)) = VAR(YZVsa1sa) (3)
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where

Nsa = Ntgsa and Vsa are priority weights given by the managers.
tfg

As indicated the objective function depends on the number of biological samples
by quarter and fishery, mqf, the number of fish measured, ltfgs, and the number of
fish aged, fltfgs, by month, fishery, fishing area and species.

The priority weights used in the analysis is the weighted average weight per fish
by species and age (weighted with respect to the numbers caught by month and fish
ing area). In that case the objective function becomes the sum of the variances for
each species of the the so-cailed SOP, the sum of product of estimated mean weight
and catch in numbers at age. Lewy & Lassen (1995) has shown that for each spe
cies the mean value of the SOP approximately is equal to the landing, I = Ltfgs.

tfgs
Assuming that the price per kg is the same for ali industrial catches, the weight per
fish is proportional to the value of the individual fish and and the objective function
may consequentiy be interpreted as the sum of variances of the value of the species.

The optimum sampling allocation considered is the sampling scheme which mini
mizes the objective function under the restriction that the total sampling costs are
constant. The optimum resource allocation specifies the number of biological sam
ples by fishery and quarter, the number of measured and aged fish by month, fishery,
fishing area and species.

The sampling costs are caiculated as follows:

c0 = (cf + cs)mqf+ (Cmfltfgs) + (Caffltfgs) (4)
qf [ tgs ( tgs

where c0 is total sampling costs, Cfjx is fixed costs for coHecting one sample, c
is cost per sample for sorting a sample into species categories, Cmf is the cost for
measuring length and weight of one fish and Caf is the cost for ageing one fish in
fishery f.

The caiculation of the optimum allocation that minimizes (3) with respect to the
constraint, (4), depends on the functional relationship between the objective func
tion and mq, ltfgs and tfgs. Therefore, the caiculation of the optimum ailocation will
be considered after the objective function has been calculated.

Preliminary estimates of the costs are based on the assumptions: CfiX 5 1000
DKK, while the cost of analysis of one biological sample, Cbio = c + (c[ + Caf), is
1500 DKK. Furthermore, it is assumed that the costs of sorting into species cate
gories, length-measuring and aging of the fish are of equai size, 500 DKK for each
of the three steps. The cost per fish, Cmf and Caf, are obtained as average costs by:

Cm[
= 500

DKK; Ca[
= 500

DKK.
ltfgs fltfgstgs

Note, that the total costs of aging the fish include costs of presupposed length
measurering of the fish, Cmf, and the additional costs, Caf.
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Minimum level of precision of estimates combined with optimum allocation

For fixed total sampling costs, which corresponds to the costs in 1993, the precision
of estimated catch in numbers for the by-carches of whiting and haddock associated
with the optimum sampling may be unsatisfactorily low. On the other hand, the pre
cision of e.g. the sandeel estimates may very high. This situation can be changed by
combining a selected minimum level of precision of estimated annual catch in num
bers at age, Nsa, for ali species and selected age groups with a type of limited opti
mum allocation. In the present paper the precision of estimates has been defined by
the coefficient of variation, c.v., such that a minimum level of precision is expressed
by a maximum c.v. This modified optimum sampling procedure is described in the
following:

A. Firstly, the optimum samphng allocation has been calculated assuming that only
the species sandeel, Norway pout, sprat and herring have been taken into account
in the sampling allocation. This means that the priority weights, Vsa, have been set
to zero for ali age groups of whiting and haddock, while the remaining priority
weights were set according to the above definition. Total cost has been set to an ar
bitrary value.

Now the number of sampies by fishery has been adjusted, keeping the optimurn

number of fish per sample length-measured and aged unchanged. In that way the
optimum allocation has parrly been kept. This adjustment of the number of samples
and the number of fish length-measured and aged has been done so that the mini
mum level of precision has been obtained for sandeel, Norway pout, sprat and her-
ring and for aH age groups considered. For the sprat fishery, inciuding both sprat
and herring, the adjustment has been chosen, which ensures that the minimum level
of precision has been reached for both species for ali relevant age groups.

For the biological samples which corresponds to this sampling scheme the opti
mum number of whiting and haddock to be measured and aged per sample can be
caiculated by setting the priority weights to zero for the four other species and the
weights for whiting and haddock to those defined above. This is done for each of
the Norway pout and sprat fisheries in which by-catches of haddock and whiting
occur. The adjusted number of samples obtained above is now supplemented with
the optimum number of whiting and haddock measured and aged. This constitutes
the preliminary sampling scheme for these two species.

B. If the precision for whiting and haddock is still too low compared with the se
lected minimum level of precision, additional samples are required with the only
purpose of increasing the precision of these two by-catch species. Since the two
species are not taken in the sandeel fishery, the number of samples should be in
creased in the Norway pout and the sprat fisheries only. The number of samples in
these two fisheries has now been adjusted keeping the optimum number of whiting
and haddock measured and aged per sample constant. The adjustment has been
made such that the precision of the whiting and haddock estimates — in conjunction
with the preliminary sampling scheme obtained above — satisfies the required mini
mum level of precision for both species and for the selected age groups.
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The costs of estimating the proportion of whiting only in the sprat fishery, c,

was reduced by a factor tentatively set to 0.5. This was done because the process of
sorting a sample into species categories in this case avoids the time consuming work
of separating herring and sprat.

Finally, some minimum requirements to the sampling scheme were assumed irre
spective of the optimum allocation. If the catch by month, fishery and fishing area
ifl 1993 was larger than 1000 tonnes, at least one sample should be taken and a
minimum of 200 fish should be aged in order to obtain useful estimates of the age
distribution and mean weight at age. Due to the hierarchical order of the sampling
system described above, the number of fish measured with respect to weight and
length was set equal to the number of fish aged in the cases where the optimum al
location of the number of fish weight- and length-measured was less than the opti
mum number of fish aged.

In some cases the optimum number of especially whiting and haddock sampied
may be larger than the number of fish available in the biological samples. In such
cases additional samples of these two species must be coliected at random from the
landings.

The minimum level of precision of estimates of Nsa, the maximum c.v., was pre
liminary set to 0.1.

Caiculation of the objective function
The objective function is:

O = VAR ( sa) = VAR v5
LtfgEqfs

tfgsa (5)
sa tfgsa Wtfgs

To make it possibie to caiculate the objective function, (5), and thereby the opti
mum sampling aliocation the following assumptions have been made:

1. The landings by fishery, Ltfg, are known without error;
2. for each fishery the vessels — from which the sampies are taken — are randomly

selected;
3. the samples from the cargo are taken at random;
4. the species composition of a sample is independent of a) the age distribution for

ali species in the sample and b) the weight of the individual fish;
5. the age distribution of one species is independent of the age distribution of an

other species;
6. the weight of one fish is independent of the weight of other fish.

Assumption 1 means that the landings statistics are correct, which will flot be
questioned in the present paper. The assumptions 2 and 3 depends on the sampling
and are probably correct. The assumptions 4-6 have flot specificaily been investi
gated. One cannot exclude that some of the assumptions are wrong under certain
circumstances. For instance the age distribution of a species in a specific area may
be correlated to the age distribution of another species (herring and sprat caught in
shallow areas). Even though as a starting point it seems reasonable to apply these
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assumptions and thereby avoiding complicated studies on the covariance structure
of the variable in question.

The objective function, (5), has been caiculated in Appendix II, in which it has
been shown that the result can be approximated by:

001+ 021 +O22+03=
+— +— +—

(6)
qf mqf fgs ltfgs tfgs ltfgs ti fltfgs

where

021 O22=
0Ftf.

qf mq[ [gs ltfgs tfgs it[gs tfgs flt/gs

The four components of the objective functiori corresponds to four sources of
errors:

Oi denotes the error due to estimation of the species composition;
021 denotes the error due to estimation of the mean weight;
021 denotes the error due to the correlation between mean weight and age;
03 denotes the error due to estimation of the age distribution.

The coefficients Cqf, Dtg, Et[gs and Ftfg. are given in Appendix II.
Only terms of order m1, 1_I and n have been included in the objective function

because of the insignificance of the second order terms for the relevant size of the
three quantities.

Sotution to optirnurn sampling allocation
Minimization of the approximated objective function, (6), with respect to fixed
total costs as expressed in (4) corresponds to optirnum allocation in standard strati
fied random sampling with fixed costs, see for example Cochran (1977). The opti
mum allocation is:

= G
Cqf

Cfix + C

aptirnum I Dtgs + Etfgs
‘tfgs = G (7)

Cmf

= G
Ftgs
Caf

where
ctot

G
= Cfix+Cs +(Dtfgs+Et[gs)cm[+Ftfgs Caf

qf tfsg tfgs

and where the coefficients again are given in appendix II.
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The variance of the catch by weight and numbers at age
These can be caiculated similarly to the caiculations of the objective function. The
formulae are given in Appendix III. The variance of numbers at age can be split into
the error components similarly to the objective function.

Resuits
Precision of estirnates for the 1993 sampling scheme
Coefficient of variation of landings in weight by species is given in Table 4. The table
shows that for ali species except for the by-catches of whiting and haddock the an
nual c.v. by weight is about 6% or lower and 10-15% for the by-catches.

Table 4. Coefficient of variation of carch jo weighr by quarter and species in the Danish
North Sea industrial fishery in 1993. Per cent.

Norway
Quarter Sandeel pout Herring Sprat Whiting Haddock

I 0.6 4.5 15.6 15.2 24.0 20.3
2 0.9 — — — — —

3 5.8 6.1 8.6 7.7 15.4 29.9
4 5.5 4.1 12.3 5.5 15.8 30.5

Total 1.1 2.8 6.5 4.6 10.2 15.6

Table 5, c.v. of catch in numbers at age, shows that the precision of estimated an
nual catch in numbers for the first four species is high compared with other sources
of error as the c.v. is less than 8% (impiying that the 95% confidence limits are less
than ±16%). The high c.v. vaiue of sandeel in the first quarter of age group 2 is flot
important as the catch is insignificant. The precision is much iower for the by-catch
species whiting and haddock. For both species especially the 0- and 1-group are im
portant as the Danish catches constitute significant parts of total international
catches. For these age groups the annual c.v. lies between about 15 and 30%. The
quarteriy c.v.’s are of course higher, especially for whiting for which the 1-group in
third quarter is about 77%.

Tt is also of interest to identify the errors caused by the three steps of the sampling
procedure, namely the determination of the species composition, the mean weight
and the age. Furthermore, the correlation between determination of mean weight
and age is also considered. The annual proportions of these four sources of error
are described by the relative value of V1,V21,V22 and V3 defined in Appendix III.
The resuits are given in Table 6.

Table 6 shows that for ali species except for sandeel and for all age groups the
error due to the variation in the species composition constitutes by far the most im
portant component of the total variance of estimated catch in numbers at age. For
sandeel the situation is less clear. For the age groups 3 and older, the error due to
the age distribution dominates. For the age groups 0, 1 and 2 there are no common
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Table 5. Coefficient of variation of estimated catch in numbers by quarter, age and species in the Danish
North Sea industrial fishery in 1993. Percent.

Age
Quarter 0 1 2 3 4 5 6

Sandeel i — 5.6 35.6 — — — —

2 12.5 2.5 2.0 4.5 7.8 3.8 5.8
3 3.4 3.1 3.3 3.4 4.5 4.9 —

4 5.4 5.4 — — — — —

Total 2.8 2.3 2.0 4.3 7.5 3.7 5.8

Norway 1 — 5.0 4.8 3.2 — — —

pout 2 — — — — — — —

3 26.7 5.4 4.5 — — — —

4 4.8 4.1 4.1 — — — —

Total 4.7 3.3 2.6 3.2 — — —

Herring 1 — 12.8 15.1 — — — —

2 — — — — — — —

3 6.8 8.6 — — — — —

4 9.0 15.4 — — — — —

Total 5.7 12.0 15.1 — — — —

Sprat i — 15.6 15.3 16.3 15.2 — —

2 — — — — — — —

3 — 7.9 8.2 7.7 7.7 — —

4 6.9 5.5 5.7 8.4 — — —

Total 6.9 4.4 6.6 7.5 7.5 — —

Whiting 1 — 50.5 24.7 21.7 109.5 — —

2 — — — — — — —

3 17.7 76.7 37.4 15.0 15.8 — —

4 24.6 22.2 17.8 15.3 17.9 17.9 17.9
Total 15.7 32.6 13.7 10.1 13.7 17.9 17.9

Haddock 1 20.0 30.7 23.0 20.0 — — —

2 — — — - — — -

3 36.7 33.5 61.4 — — — —

4 31.3 31.3 30.5 — — — —

Total 28.2 20.9 18.4 20.0 — — —

patterns. The reason why the determination of the species composition generates
small errors for sandeel is that the species constitutes a relatively constant fraction
of about 95% of the catches.

Optimum stratified sampling
The resulting precision of the estimated number of fish by species and age for the
optimum sampling allocation is shown in Tabte 7. As seen the optimum attocation
increases the precision for sandeet and haddock whereas the other species only
changed slightly. For sandeel the precision increased for the age groups 1-4 for
which the precision was high already (Table 6).
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Table 6. The annual percentage of the errors generated by determination of species composition, mean

weight, correlation between mean weight and age distribution, and age determination, V1,V21,V22 and V3.

Age
Error 0 1 2 3 4 5 6

Sandeel Species comp. 90.2 3.4 10.5 1.7 0.5 2.3 1.1

Weight 6.4 50.8 36.4 5.8 0.5 1.8 0.2

Correlation 2.6 6.6 4.2 — 3.1 — 0.5 — 3.6 — 0.1

Age 0.8 39.3 48.8 95.6 99.6 99.5 98.8

Total 100 100 100 100 100 100 100

Norway Species comp. 54.2 77.4 80.9 100.0 — — —

pout Weight 18.0 15.3 2.8 0 — — —

Correlation 18.9 3.0 — 5.5 0 — — —

Age 8.9 4.2 21.8 0 — — —

Total 100 100 100 100 — — —

Herring Species comp. 99.0 98.9 98.5 — — — —

Weight 0.9 0.7 0 — — — —

Correlation 0 0.2 — 0.3 — — — —

Age 0 0.2 1.7 — — — —

Total 100 100 100 — — — —

Sprat Species comp. 62.3 96.4 95.5 89.4 100.0 — —

Weight 0 0.8 0.5 0.1 0 — —

Correlation 0.2 0.4 — 0.3 — 0.1 0 — —

Age 37.5 2.5 4.3 10.5 0 — —

Total 100 100 100 100 100 — —

Whiting Species comp. 97.6 99.0 81.4 89.4 98.4 100.0 100.0
Weight 2.1 0.4 18.6 1.4 0.1 0 0
Correlation 0.2 — 0.3 — 42.9 — 2.8 — 0.5 0 0

Age 0.1 0.9 42.9 12.0 2.0 0 0
Total 100 100 100 100 100 100 100

Haddock Species comp. 68.5 51.2 68.2 100.0 — — —

Weight 22.8 27.2 63.6 0 — — —

Correlation 7.7 14.9 — 180.7 0 — -. —

Age 1.0 6.7 148.8 0 — — —

Total 100 100 100 100 — -. —

Table 7. Coefficient of variation using optimurn allocation relative to actual coefficient of variation in
1993 of estimated annual catch in numbers by age and species.

Age
Species 0 1 2 3 4 5 6

Sandeel 0.93 0.61 0.50 0.58 0.61 1.03 1.09
Norway pout 1.00 0.91 1.08 0.94 — — —

Herring 1.05 0.87 0.87 — — — —

Sprat 1.29 1.11 0.92 0.93 1.03 — —

Whiting 1.03 0.89 0.92 0.96 1.01 1.08 1.08
Haddock 0.92 0.72 0.85 0.93 — — —
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These resuits can be explained by the change of the optimum sampling allocation
relative to the actual allocation in 1993, which is described in the Tables 8-10.

Table 8 shows that the optimum sampling allocation of biological samples is
ciose to the actual allocation. This seems surprising as one would expect that the
optimum stratified sampling should increase the number of biological samples for
estimation of the species composition as this step generates the largest error.
However, the optimum of course depends on the price relations for the three sam
pung steps. Apparently, the resuits show that when the number of biological sam
ples is increased then it is profitable to measure and age most of the fish sampled
because of the relative low expeflses. Alternative runs, where for instance c and
c, (see equation (4)) are reduced to 200 and 150 DKK, respectively, results in an
overall increase of the number of biological samples by about 60%.

Table 9, giving the optimum allocation of fish sampled, shows that the number
of fish measured and aged should be increased for the by-catch species whiting and

Table 8. Optimum sampling allocation of the number of bio
logical samples relative to the actual allocation in 1993.

Fishery
Quarter Sandeel Norway pout Sprat Total

i 0.1 1.2 1.3 1.0
2 1.1 — — 1.1
3 1.7 0.9 1.0 1.1
4 0.4 0.9 0.6 0.7

Total 1.1 0.9 0.9 1.0

Table 9. Optimum sampling allocation of the number of fish weight measured and aged by quar
ter relative to the actual allocation in 1993.

Sandeel Norway pout Herring Sprat

Quarter Weighed Aged Weighed Aged Weighed Aged Weighed Aged
i 1.9 0.1 0.8 0.6 0.6 0.5 1.1 0.5
2 3.0 1.2 — — — — — —

3 0.7 0.2 0.8 0.8 1.1 0.1 1.5 0.8
4 0.5 0.2 0.9 0.9 0.7 0.4 0.7 0.5

Total 1.7 0.6 0.8 0.7 0.9 0.3 1.0 0.5

Whiting Haddock

Norway pout Sprat Norway pout
fishery fishery fishery

Quarter Weighed Aged Weighed Aged Weighed Aged
1 7.7 7.7 10.2 6.8 2.2 2.2
2 — — — — — —

3 14.3 23.1 4.3 3.4 4.2 4.2
4 8.2 8.2 1.2 1.2 6.0 6.0

Total 9.1 9.9 3.3 2.8 3.3 3.3
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Table 10. Optimum sampling allocation (%) of the annual number of fish
weight measured and aged by fishing area.

Fishing SandeeI Norway pout Herring
area Weighed Aged Weighed Aged Weighed Aged

i 40 37 — — 35 63
2 6 11 — — 8 12
3 2 9 — — 57 25
4 24 14 57 50 — —

5 15 14 43 50 — —

6 5 5 — — — —

7 7 11 — — — —

Total 100 100 100 100 100 100

The indices for fishing area refer to Figure 1A.
The indices for fishing area refer to Figure IB.

haddock while it should be reduced for the other species. Sandeel in the second
quarter is, however, an exception as the number of fish measured should be tripled.
Apparently, the very large increase in the number of whiting and haddock weighed
and aged causes surprisingly small improvements in the precision of the estimates.
This is due to the fact that the main part of the errors is generated by determination
of the species composition (Table 6).

Table 10 shows the optimum allocation distributed by the fishing area. As the
prices for measuring and aging the fish are the same for ali fishing areas the pro
portions in the table are proportional to the product of the number of fish measured
or aged and the variation within the fishing area. For sandeel, fishing area i and 4
are the most important. For herring fishing area 3 is most important concerning the
weight variation, while fishing area i is most important for the aged fish.

Minimum level of precision of estimates combined with optimum allocation
The above procedure was carried out for obtaining a minimum level of precision
for seiected age groups in conjunction with optimum allocation. Tentatively, the
minimum level of precision was set to a maximum coefficient of variation of 0.1.
The age groups were selected such that the annual Danish North Sea industrial
catches by age made up atleast 10% of total international iandings. The age groups
seiected, the precision of estimates and the gain in the precision are given in the
Tabies 11, 12 and 13 respectiveiy. Table 13 shows that the gain in precision defined
as the optimum coefficient of variation relative to 1993 is about 0.3-0.4 for whiting
and haddock. For sandeel and Norway pout, the precision has been reduced, while
only small changes have taken place for herring and sprat.

Some of the main changes in this combined sampling allocation are: in general
total sampling costs should be tripled. Regarding the total number of biological
samples these should be quadrupled; the sandeel samples should be drastically re
duced while the number of sampies in the other two fisheries shouid be multiplied
by 7. The number of whiting and haddock measured and aged shouid be multiplied
by more than 20.
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Table 11. Selected age groups for which coefficient of variation was required less than 0.1
+ indicates selected.

Age
0 i 2 3 4 5

Sandeel + + + + + +

Norway pout + + +

Herring + +

Sprat + + +

Whiting + +

Haddock + ÷

Table 12. Coefficient of variation (%) of estimated annual catch in numbers by age and
species for optimum sampling combined with a maximum coefficient of variation of 0.1 for
selected age groups.

Age
Species 0 1 2 3 4 5 6

Sandeel 10 3 2 3 5 4 7
Norway pout 10 7 7 8 — — —

Herring 5 10 13 — — — —

Sprat 8 4 6 7 7 — —

Whiting 5 10 5 4 5 6 6
Haddock 10 6 6 8 — — —

Table 13. Coefficient of variation of estimated annual catch in numbers by age and species
for optimum sampling combined with a maximum coefficient of variation of 0.1 for selected
age groups relative to 1993.

Age
Species 0 i 2 3 4 5 6

Sandeel 4.0 1.3 2.7 1.7 07. 1.1 1.2
Norwaypout 2.1 2.1 2.7 2.5 — — —

Herring 0.9 0.8 0.9 — — — —

Sprat 1.2 0.9 0.9 0.9 0.9 — —

Whiting 0.3 0.3 0.4 0.4 0.4 0.3 0.3
Haddock 0.4 0.3 0.3 0.4 — — —

Discussion
Optimum allocation in the fishery sampling programme constitutes a framework
for the implemented programme, which may deviate from the planned. Apart from
practical circumstances (illness, accidents, bad weather coriditions etc.) the actual
programme also has to cope with changes in the fishery compared to previous years
which formed the basis for the optimum programme. Such changes do flot need to
invoive bias in the estimates, but may only affect the optimum allocation of re
sources. However, in the fishery sampling programme and the subsequent estima
tion procedure at least two factors may result in bias.
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The first factor involves ciassification of total catch into three target fisheries
which were carried out for each vessel trip. The ciassification criteria used were ob
tained by analysis of the biological samples with known species composition as in
formation on gear and mesh size used, fishing area and time was combined.
Especially in transition periods between the target fisheries, when more than one
fishery take place in the same area, the classification might be wrong. Furthermore,
the criteria may change from year to year because the fisheries change, which may
require annual modifications. In principle one could remove this bias by asking the
fishermen to record the type of fishery in their logbooks. If this is unattainable more
reliable information on, for instance, mesh size used may be needed together with
updated information on the fisheries. Visual inspections of landings are especially
important during periods of unreliable classification of fisheries. Finally, one could
investigate the validity of the criteria by analysing instances of misclassification
using data for other years.

The second factor which may result in biasness is errors associated with age de
termination of the fish. This kind of bias has flot been included in the present ana
lysis. Tt only accounts for the stochastic variation in the age distribution of fish in a
random sample, based on the assumption that the age is correctly determined and
therefore reflects the true age distribution of the fish in the sea.

The sampling programme depends on the objectives or priorities of the managers
and the politicians. In the above, minimization of the variance of the weighted sum
of catch in numbers combined with an upper limit of the error has been considered,
where the priority weights were optional. In addition to the difficulties in selecting
the priority weights, many different objectives can be considered as well. For in
stance Gulland (1955) considered the objective to achieve a constant (low) coeffi
cient of variation for significant age groups. Sparre et. al. (1977) used the sum of
variances over age of estimated fishing mortality at age as objective function while
Kimura (1977) and Lai (1987) used the sum over age of variances of the proportion
of fish at age as objective function. Minimum variance of estimated projected land
ings or biomass are two other examples which may be useful because they directly
involve the application of estimates. Objectives of this type would give priority to
catches by species and age where the national proportions of total international
catches constitute a significant part and where fishing mortality is at the same level
or larger than the natural mortality. The drawback is more complicated non-linear
objective functions.

Using the mean weight or the value by age of the fish as the priority weights im
plies that larger fish get a larger priority. Other priority weights could be selected
by putting higher priority to the small fish for instance in order to obtain good re
cruitment estimates. Another criterion of priority may be to obtain good estimates
of total international landings. If Danish catch in numbers at age for selected species
constitute significant parts of the total international catches, these species and age
groups should be given high priorities.

It should be stressed that the sampling costs used are preliminary guesstimates
only and the optimum results should be treated as an example. In practice more re
liable cost data need to be caiculated.
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In the present sampling system the age has been determined by reading the otho
liths of ali fish for which the length does not uniqueiy separate the age groups. A
system of length sampies combined with age-length keys has flot been investigated.
It is an open question whether such a procedure would be superior to the present
method. Howevei some studies indicate that the system used may be preferred.
Kutkuhn (1963) showed that simple random sampling inciuding otoiith sampling
should only be preferred when the cost of ageing is at least five times the cost of
length-measurements. This is in accordance with the resuits of Gudmundsdéttir et
al. (1988), who found indications of ‘that flot much is gained from adding length
sampling to an otoiith sampling scheme’ for the Icelandic cod and capelin. Sparre
et al. 1977 came to similar conciusions for cod in the North Sea.

Estimates of catch in numbers at age, Nqgsa, couid be obtained in another way
than done by (2). Instead of first estimating the weight proportion by species (for
mula (1)) and then combining this with the age distribution one couid estimate di
rectly from the biological sampies

Lt[g
Ntgsa

= Wt[g
t[gsa

where Ltfg and Wtfg are the weight of the landings and samples in rnonth t in fishery
fin fishing area g, respectiveiy, and fltfgsa the number of fish by species and age group
in the same samples. The properties of this estimate have flot been studied.
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Appendix I. Notation

Indices
t indicates month;
q indicates quarter;
q indicates the quarter which corresponds to month t;

f indicates fishery;
g indicates fishing area;
s indicates species;
u indicates species;
a indicates age.

Parameters and observations

mq indicates the number of biological samples by quarter and fishery;
11t[gs indicates the number of fish aged in the samples;
ltfgs indicates the number of fish weighed and measured by length;
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flt[gsa indicates the number of fish at age a in the samples;
Ltfg indicates landing by month, fishery and fishing area;
Wt[g indicates mean weight of the fish in the sample;
Wt[gsa indicates mean weight at age of the fish in the sample;
Hqfs indicates the proportion of species s of one sample;
Vsa indicates the priority weight;
Eqs indicates estimated proportion of species s in fishery fin quarter q

based on the mq[ samples;
Lt[gs indicates estimated landing;
Pt[gsa indicates the proportion ntfgsa/ntfgs;
Ntfgsa indicates estimated number of fish;
Nsa indicates the sum: Ntgsa;

tfg
o indicates the objective function;
c0 indicates total sampling costs;
cf indicates fixed costs for collecting one sample;
c. indicates cost per sample for dividing a sample into species categories;
Cm[ indicates cost per fish in fishery f for measuring length and weight of

one fish;
Ca[ indicates cost per fish in fishery f for aging one fish.

Appendix II. Caiculation of the objective function

The Objective function is:

O = VAR(Vsasa) VAR(Vsa Pt[gsr7) VAR(ÊqfsBq[s)
sa tfgsa Wtfgs qfs (8)

= VAR ( EqfsBqfs)
qf s

where

tfg
Bqs = Atjgs, At[gs = Usa Pt[gsa and Eqfs = Eqfs for te quarter q.

tq g a Wtfgs

The last sign of equation in (8) follows from the fact that samples taken at dif
ferent times or from different fisheries are independent, which imply that the co
variances are zero.

The sampling assumptions are given in the section on methods. The first three
assumprions ensure that the estimatesof Ltfg. and Nsa are unbiased estimates. The
fourth assumption means that COV(Eqfs, Bqfs) = 0 for all q, f and s. The last two
assumptions imply that COV(Atfgs,Atfgu) = 0 and as a consequence COV(Bqfs, Bqfu)
= 0 for all t, q, g and su.
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The formulae

VAR(XY) (EX)2VAR(Y) + (EY)2VAR(X) + VAR(X)VAR(Y) - COV(X,Y)
(COV(X,Y) - 2EX EY)

and

VAR
VAR(X)

X (EX)

have been used to obtain approximations of the objective functions. The latter for
mula has been used in a case where P(X = 0) = 0. Terms where the number of sam
ples and the number fish measured or aged are of the order less than n2 have been
ignored because in practice they do not affect the optimum allocation solution.

For convenience the indices q and f have been left out in the following. For the
term Atfgs the index g has also been omitted. The last term of (8) can be written as

VAR(ÉSBS) = VAR(ÊSBS) + COV(ÉSBS,EUBU)
(9)

(E VAR(BS) + B VAR (E))+, BSBUCOV(ES, E)

As described by Lewy (1995), the variance VAR (Ê5) and the covariance COV(ÊS, Êj
can be approximated by

VAR (HS) COV(HS,HU)
and , respectively,

ni ni

where H. and H denote theproportion of one sample of species s and u.We there
fore get:

, B2VAR(H5)+ BSBIICOV(HS,HU)
VAR(E5B5)= +E52VAR(A5).(10)

5 ni tqs g

We stil! need to caiculate the last term in (10):

VAR(A5)= VAR(VsaPsa) (Vsasa)2L2 VAR(±) + (L)2
VAR(Vsasa)

a W5 a Ws Ws a

—2L2 i
- COV >ZVsa Psa, Vsa Psa . (ii)
W5 a Ws a

In (11) VAR , VAR( v sa) and COV V5 sa, need to be calcu!ated.
Ws a a W5

The variance of the reciprocal of the mean weight is approximated by

VAR
VAR (tZ5)

(12)
ws ws

If the weight of each individual fish had been known, the variance of the average
weight could simply be estimated from the sum of squared deviations. Since this is
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flot the case, but the weight by length group is known for several samples, the van
ance is instead estimated as follows:

Assume that the month, fishery, fishing area and the species are given, and let
these indices be left out in the following. For a length group I assume further that
the mean weight, iv,1, and the corresponding number of fish, n,1, are known for the
samples j = 1,2, . . ,k. Finally, assume that:

E(z11) = pq and VAR (zi) =

gi2
for j=1,2,. .

ni1

where oi2 denotes the variance of the weight of the individual fish of length 1.
The Maximum likelihood estimates of and cr1 are respectively

k1
.

k,—i
—

— —2pi = = —
w and o-1 =

,n11(w1,— w1) where n1 =
j=1 ni ni—’ ,=i

Based on these ML estimates it is possible — for a given species — to find the van
ance of

-

w =
n

in formula (12), conditioned by total number of fish, n = n1.

It can be shown that this variance is

VAR(iIn)
= 1

2)_2
. (13)

n[n j

The second term in (8) can be calculated using that nsa for given n is binomially
distnibuted:

Vsa2Psa — (Vsajsa)2
VAR(Vaa)

=
. (14)

a

The third term of (10), the covariance, is also conditioned in this case by both
the number of fish aged and measured, i.e. n and i, where lis less than or equal to
n because the aged fish is a subsample of the measured fish. As the first step this co
variance can be approximated by

COV
2 COV(flsa,is;is,ls) (15)

a n. w5 nw. a

The last covariance term is:

COV(nsa rZ’ n5, i)
= + W8 CO V(nsa, lsb n, I) = [lsb fls Psa Psb

+ tsaflssa (1 asa)] = —
(i5 — t) (16)



SAMPLING METHODS AND ERRORS IN INDUSTRIAL FISHERY 63

Insertion of the formulae (9)- (16) into (8) resuits in the following approximation
to the objective function:

o 01 + 021 + 022 + 03

where

01 = Cq = [ VAR (Hqfs)Bqfs2 + [COV(Hqfs,Hqfu)BqfsBq[uj
qf mqf $

-‘ 2

O ‘tfgs r 0t[gs
21 = -‘--‘tfgs = qtfs,tfgs —

tfgs ttfgs Wt[gs

022 = E tfgs 2 Éqtfs2Atfgs
Ltfg

Vsa Ptfgsa (i —

____

tfgs lt[gs Wtfgs a Wt[gs

03 =
Ftgs

Fttgs = Éqf2 (g)2[Vsa2 tfgsa — ( Vsa Ptfgsa )2j

tfgs ltfgs Wtfgs a a

01 denotes the variation due to the errors related to the species composition;
021 denotes the variation due to errors in the mean weight;
021 denotes the variation due to correlation between mean weight and age;
03 denotes the variation due to errors in the age distribution;
Hqfs denotes the variable for the proportion of species s in one sample in

quarter q in fishery f.
The variance/covariance of Hqj is caiculated using the D-D distribution and the

formulae given by Lewy (1995).

Appendix III. The variance of the catch by weight and numbers at age

The variance of the landings of species s in month t can easily be calculated:

L2t,VAR(Hqjs)

VAR(L5) = VAR( LtfgÉqfs) =
. (17)

mqtf.

Here the caiculation of the variance, VAR(Hqfs), is based on the D-D distribution.
When caiculating the corresponding variance by quarter, VAR(LqS), the formula

(17) can be used if Lt[ is replaced by Lq. The variance by year is simply the sum
of the quarterly variances.
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The variance of the catch in numbers by month, species and age, VAR(1Jtga), can
be caiculated similarly to the objective function. The result is:

VAR (lIsa) = V1 + V21 + V22 + V3

where

v1 =
Rtgsa2 VAR (Hqfs)

fg mq[

2
2 0tfgs

(EqfsRtfgsa)
Wtfgs

V21 =

fg ltfgs

2 (1 t7tfgsa /Wtfgs)
V22 =

fg lt[gs

1)
=

fg tfgs

and

Ltfg
Rt[gs Ptfgsa —

Wtfgs

V1 denotes the variation due to the errors related to the species composition;
V2 denotes the variation due to errors in the mean weight;
V22 denotes the variation due to correlation between mean weight and age;
V3 denotes the variation due to errors in the age distribution.


